A geometric graph is a graph G = G(V, E) drawn in the plane, where its vertex set V is a set of points in general position and its edge set E consists of straight segments whose endpoints belong to V . Two edges of a geometric graph are in convex position if they are disjoint edges of a convex quadrilateral. It is proved here that a geometric graph with n vertices and no edges in convex position contains at most 2n − 1 edges. This almost solves a conjecture of Kupitz. The proof relies on a projection method (which may have other applications) and on a simple result of Davenport-Schinzel sequences of order 2.
Introduction
A geometric graph is a graph G = G(V, E) drawn in the plane whose vertex set V consists of points in general position (i.e., no three are collinear) and whose edge set E consists of straight segments whose endpoints belong to V . Consult [4] for recent results on geometric graphs. Two segments are in convex position if they are disjoint edges of a convex quadrilateral. A geometric graph is called proper if it has two edges in convex position. Otherwise, it is called improper.
The systematic study of geometric graphs was initiated by Kupitz and Perles [1] . Kupitz [2] constructed improper graphs with n vertices and 2n − 2 edges for n ≥ 4. (See Fig. 1 for an improper geometric graph on 7 vertices and 12 edges.) 400 M. Katchalski and H. Last Here the conjecture is almost solved:
Theorem. An improper geometric graph with n vertices has at most 2n − 1 edges.
This result has appeared in [3] . The proof relies on a projection method and on a simple property of Davenport-Schinzel sequences of order 2.
The second section deals with definitions and two lemmas, followed by the proof of the theorem in the third section.
Definitions and Two Lemmas
For distinct points x and y let x y denote the segment with endpoints x and y, let (x, y) denote the line through these points, and let − → x y denote the ray (half-line) with apex x and containing y. An edge x y of a geometric graph is said to be to the right (left) of edge xz if the ray − → x y is obtained from the ray − → xz by a clockwise (counterclockwise) rotation about x by a positive angle less than π . If there is no edge incident to x to the right (left) of x y, then x y is called the rightmost (leftmost) edge of x. If x y is not the rightmost or the leftmost edge of x, then it is called an interior edge of x.
A circular sequence is a sequence whose first and last term are considered adjacent. A circular sequence from a set of n symbols shall be called a circular Davenport-Schinzel sequence of order 2 if no two adjacent terms are identical and if it does not contain a circular subsequence of type abab.
For more advanced results on Davenport-Schinzel sequences (which are not needed here), applications, etc., we may consult [5] . We shall need a known upper bound on the length of such circular sequences of order 2 which is easily proved by induction on n, the number of symbols, see [5] .
Lemma 1. The length of a circular Davenport-Schinzel sequence of order 2 on n symbols for n ≥ 2 is at most 2n − 2.
A convex curve is the boundary of a compact convex planar set with nonempty interior. The next technical lemma is essential to the proof of the theorem. Lemma 2. Let A i , A j , A k , A l be four points appearing in this order on a convex curve γ . Let P, Q be two points inside γ .
Consider the four (closed) segments
and assume that among them:
there is no segment s such that s contains only one of the points P, Q and the line supporting s contains both of them.
Then two of the four segments are in convex position.
Proof. Observe that:
If points A, B, C, D in general position lie in this order on a convex curve, then the segments AB and C D are in convex position.
Let = (P, Q) and let l + and l − be two half-planes such that l + ∩ l − = . Let γ 1 (γ 2 ) be the boundary of the convex hull of l + ∩ γ (of l − ∩ γ ). It is easy to check, using (2) and (3) 
Proof of the Theorem
Let v 1 , . . . , v n be the vertices of G and e the number of its edges. Assume that G is improper with e ≥ 1. Let C be a circle containing v 1 , . . . , v n in its interior. For any two vertices v i and v j joined by an edge v i v j define two points on C:
Arrange We need the following two assertions:
Lemma 3. P S(G) is a circular
Davenport-Schinzel sequence of order 2. 
See The conjecture of Kupitz has been proved by Pavel Valtr, consult [6] . The major contribution of [6] is that for any fixed k ≥ 3 , any geometric graph on n vertices with no k edges such that any two of them are in convex position contains at most O(n) edges. Valtr also proves that any geometric graph on n vertices with no k pairwise crossing edges contains at most O(n log n) edges.
